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1 Introduction

1.1 What is a Reciprocity Law?

The Legendre symbol for quadratic residues is defined as

Definition 1.1.
1, if @ is a nonzero quadratic residue modulo p,

<“> 0, ifp]
—- | = ) 1 a,
» p

—1, otherwise.

where «a is an integer and p and odd prime.

It can be extended to the Jacobi Symbol, where the denominator is any odd positive integer by defining

Definition 1.2. (a) = H (a) where the p; are odd primes.
Pip2- - DPr i1 \DPi

Theorem 1.3 (Law of Quadratic Reciprocity).

(T:) = (—nTEE (;)

where m,n are coprime odd positive integers.

When p, ¢ are distinct odd primes, the residue class of p modulo ¢ determines whether p is a square
modulo ¢. What the Law of Quadratic Reciprocity implies is that this can also be determined by the residue
class of ¢ modulo 4p (or ¢ modulo p when p =1 (mod 4)).

We will now deal with attempts to generalize this result: instead of looking at quadratic residues, you
can consider higher powers. Generalizing results and methods from Q to larger number fields will not only
be interesting, but necessary to deal with higher cases.

1.2 A Brief Summary

This essay begins by defining the power residue symbol in general, and exploring its basic properties. Sections
3-5 deal mostly with Eisenstein Reciprocity, and specific cases of it (or slight variations in the case of quartic
reciprocity). To motivate the introduction of Gauss and Jacobi sums, we give a proof of quadratic reciprocity
involving them. After investigating their properties, we present a full exposition on cubic reciprocity, which
will help motivate the section on Eisenstein reciprocity. Before that, we present only the results from quartic
reciprocity: they are not a consequence of Eisenstein reciprocity, but the methods involved are very similar
to the cubic case, so it would not add much to present proofs. We then move on to Eisenstein reciprocity:
this is a reciprocity law in Q((,) where n is an odd prime. Its statement is simple and elegant, and it is one
of the most general reciprocity laws that you can obtain without class field theory. The bulk of its proof is
factorizing the Gauss sum in general; the rest of the proof is applying a few tricks to deduce the law.

With the development of class field theory came the statement and proof of Artin’s Reciprocity Law. As
mentioned by Peter Swinnerton-Dyer on page 100 in [4], as well as by Franz Lemmermeyer on page ix in
[3], this law could be used to deduce all previously known reciprocity laws. However, this deduction is not
obvious from a first glance! In section 6, we will start off by defining the Artin symbol, and linking it to the
power residue symbol. We will then state several results of global class field theory, leading to Artin’s Law.
Deduction of reciprocity laws from Artin is not immediate; instead we will first introduce the Hilbert symbol
and a few key results. The essay ends with the examples of deducing quadratic reciprocity, as well as cubic
reciprocity. While most proofs are given, in the last 2 sections we will not provide proofs of a few key results



which require more involved class field theory. These results are either common and included in any good
book on class field theory, or we will give a reference to where to find a proof.

Most of the theorems/propositions/lemmas and the method of their proofs for sections 3-5 came from [3],
Franz Lemmermeyer’s fantastic book about reciprocity laws. It is a great place to look for those who want to
find out more; the full list of references at the end totals 885, so it is also an excellent place to find references
to other books and articles dealing with similar topics. The material after section 6.1 mostly derives from
chapter 5 of [4], Peter Swinnerton-Dyer’s short book on Algebraic Number Theory.

1.3 Notation

One caveat of working in extensions of Q is that primes in Z* may no longer be prime. When we refer to
a prime, it will typically be obvious from context whether we mean a prime ideal, a prime in the number
field, or a prime in Z*. However for added measure, when we are not working over Z or Q, we will refer to
primes in ZT as “integer primes”. They will typically be labeled with regular letters, like p, q. Prime ideals
will normally be assigned curly letters or Greek characters, like p, g, A. An automorphism o acting on an
element « is written both as o(«) and a°.

2 Generalized Power Residue Symbol

2.1 Generalized Power Residue Symbol

In defining the generalized power residue symbol, it is good to keep in mind the Legendre symbol, as we want
this to be a special case of the new symbol. The Legendre symbol is multiplicative on top, so to retain this
feature, it will be necessary for the symbol to take more values than +1 (there is some theory where power
residue symbols only take +1: rational reciprocity. The theory is fairly limited and will not be covered in this
essay).

Let n > 1 be a positive integer, and k be a number field which contains a primitive n* root of unity

Cn- Suppose p is a prime ideal of Oy coprime to n (i.e. p 1 nOy) lying above the integer prime p. Then

(@)
Np = ?k = p/ = ¢ some positive integer f, and p is coprime to n if and only if p { n. For all x € Oy

coprime to p, we have:
7' =1 (mod p). (2.1)

O
I claim that the reduction of (,, modulo p still has order n in ?k, hence n | ¢ — 1. Indeed, the nt" roots of

unity in F, satisfy 2™ —1 = 0, and this is separable since p { n. So we do get n distinct n" roots of unity,
which form the group generated by (,, (the reduction of (,), which is what we desire. This allows us to now
define the power residue symbol:

Definition 2.1. For o € Oy coprime to p, define (%)n to be the unique n*" root of unity in @y, such that:

o = (Z‘)n (mod p). (2.2)

Extend this definition multiplicatively in the denominator to all ideals coprime to a and n.



2.2 Properties of the Power Residue Symbol

Proposition 2.2. The power residue symbol for n = 2 and k = Q agrees with the definition of the Legendre
(and hence Jacobi) symbol where defined.

Proof. 1t suffices to show

2T = (i) (mod p), (2.3)

for integers  coprime to p. If z = y? (mod p) then e =g l=1= (m) (mod p), and if = is not a
p

quadratic residue, let r be a generator for the multiplicative group modulo p (this is cyclic). Then x = r¢

- —1)e x “1)e
(mod p) with e odd, so =T = 1= ( (mod p) since 5 squares to give 1, but cannot be
p

lasp—1¢ (p_;)e since e is odd. O

Proposition 2.3. Let n > 1 be a positive integer, and let p be an integer prime such that p — 1 is coprime
to n. Then all integers x coprime to p are n*" powers modulo p

¢ (mod p). Then, as p — 1,n are coprime, choose

Proof. Let r be a primitive root modulo p, and let z = r
integers a, b such that a(p — 1) + bn = e. Then we let y = r* (mod p), and y" = r"0 = prbtelr=1) = pe = 4

(mod p) as required. O

Proposition 2.3 tells us that the only interesting cases are when p = 1 (mod n): we only care about the
equivalence class of n modulo p — 1, and can factor out coprime factors to reduce to the above.
It is worth checking how our definition captures elements being n** powers modulo prime ideals, and how we
can find the n'* power residue classes modulo p when p = 1 (mod n). This second question is not obvious,
as we are forced to use n'’* roots of unity, which do not occur in Q (for n > 2), and so the prime ideals in the
number field are not necessarily generated by the integer primes. We will answer this question after a useful
lemma and proposition.

Lemma 2.4. Let L/K be a Galois extension of number fields such that ¢, € L. Then for all o € Gal(L/K)

we have
o o
- (o2
a n a n

for all o € OL/{0} and ideals a coprime to na.

Proof. By definition, if p is a prime ideal with norm ¢, we have

_ _ g
o' = <a> (mod p) and (oz")qn1 = (Oég) (mod p?).
P/ P/
Apply o to the first equation and equating them gives the result when p is prime. The multiplicativity of the
power residue symbol implies the result in general.

O

Note that complex conjugation is an automorphism of any number field over @Q, so the above lemma
applies to it (we will need this fact later on).

Proposition 2.5. Let n > 3, let p be an integer prime such that p t n, let f denote the order of p modulo n,

and let K = Q(¢n). Then pOg is a product of ¢§n)

distinct prime ideals, each with inertia degree f.



@)
Proof. Let p be any prime ideal lying above p. The residue field Tk is just F(¢y). Now, n | p/ — 1 hence
CGn €Fpr. If 0 <7 < f, then n { p" — 1 whence ¢, & Fp,r (the multiplication group of finite fields is cyclic).
Ok
Therefore —- = F,s, i.e. the inertia degree of p is f. Since p { n, p does not ramify, and as p was arbitrary

and [K : Q] = ¢(n), the proposition follows.
O

Proposition 2.6. Let k be a number field containing a primitive n'™ root of unity C,, and let p be a prime
ideal of Oy, coprime to x € O. Then:

i) (i =1 iff x is an n'* power modulo p.

7

ii) x € Z is an n'" power in o7 where p =1 (mod n) is an integer prime, if and only if (i) =1, where

n

p is any prime ideal lying above p in Q((n).

Proof. i) If x is an n'* power modulo p, then 2 = o™ (mod p). Then (i) =27 =o' =1 (mod p)

n

O X
so this direction is proved. If (i) =1 (mod p), then as (pk) is cyclic (multiplication group of a finite

n

field), let it be generated by r. So x = r° (mod p). Then 1 = (i) =5 =250 (mod p) implies that

,i.e. n|s, so z is indeed an n'* power modulo p.

ii) By Proposition 2.5, the residue field of p is just F,. Therefore ) =1ifand only if x is an n'?
! P

n

O
power in Tk = IFp, which is the result we desire.

O
3 Gauss and Jacobi Sums
3.1 A Quadratic Example
p—1
When considering quadratic reciprocity, a natural sum to consider is 7 = <n>g} € Z[¢p) where ¢, =
n=1 \ P
27 . . .
exp(—) and p is an odd integer prime.
p
p—1 n
Lemma 3.1. If p is an odd prime, then S = ) () =0
n=1 \P
Proof. Let x be any quadratic non-residue modulo p (which exists as p > 2). Then:
2\ 22 /n 71 g p! y
=-()56)-2(5)-56)-»
since y = nx runs through 1,2,...,p — 1 when n does. Hence S = 0. O

Proposition 3.2. Let 7 be defined as above. then:
)= ()T p=p.

i) 797t = (j}) (mod q) for any odd prime q # p.



Proof. 1) We calculate

p—1 p—1
2 _ m m n n __ mn m—+n
=) (p><p > <p>4p —Z(p) p
m=1 n=1 m,n
p .
Using = n/m, and ) ¢, = 0 we thus get:
i=1
m2x Pl e\ R4
2 m(l4+x) __ 14+z\m
2=y () =Y (1) T
m,T x=1 m=1
p—1

For x # p—1, (}** is a primitive p'* root of unity, so this sum is Y ¢! =0 —(? = —1. For # = p — 1, this
i=1

sum evaluates to p — 1. Therefore we see that:

2= —pf <;> + (_pl>(p—1) —p(_pl> =",

=1

where we used the previous lemma for the second last equality.

p—1 n p—1 nq2
ii) Note 7 = > <>C;} => <> (- Therefore we calculate:
p p

n=1 n=1
e (nd T (nd q
i (Z ()C}’}) = Z <>§g” = <)T (mod g).,
n=1 p n=1 p p
since ng runs through 1,2,...,p — 1 modulo p as n does. O

The law of quadratic reciprocity for primes now follows almost immediately (this is easily generalized to
the corresponding law for all odd positive integers).

Corollary 3.3 (Law of Quadratic Reciprocity).

(&) =cv==()

where p, q are distinct odd positive primes.

Proof. We have

(p*) = ()T =70l = (;) (mod q), (3.1)

q

and hence equality as —1 # 1 (mod ¢). The law now follows from Equation 3.1 and <) =—1forg=3
q

X

(mod 4) (which can be proved by using (q%) is cyclic). O

3.2 Gauss and Jacobi Sums

The general version of a Gauss sum is as follows: we have a number field K, and a prime ideal p. The
@)
quotient field is ?k ~ [F, which is a finite extension of F,, and ¢ = pf. Let x be a multiplicative character

x : Fy — C*, and let ¢ be an additive character ¢ : F; — C*.

Definition 3.4. The Gauss sum associated with x,1, and o € F* is

Gal,¥) == Y x(t)(at). (3.2)

teFy



Remark. Let Tr : F; — F,, be the trace map. We will always be taking ¢(t) = ng’“(t), so we will drop the
1 in the input. We will also typically take x to be the n" power residue symbol, or a power of it.

Remark. Let 1 be the trivial character, i.e. 1(¢) = 1 for all ¢t € F,. It is convenient to set 1(0) = 1 and
x(0) = 0 for all multiplicative characters x # 1. However now, xyx~! # 1 if multiplication is defined pointwise.
Therefore we alter it slightly to the following:

X(B0(t) it £,
(x0)(t):==<0 ift=0and y #6071, (3:3)
1 ift=1and y =6"".

We now present some simple results about Gauss sums which will be of use in proving reciprocity laws.
First off, we drop the need for the « in the input.

Proposition 3.5. Define G(x) = G1(x). Then Go(x) = x(a) " *G(x).
Proof. This is a simple calculation:
Gal(X) == Y_ x(t)v(at) = —x(@)™" Y x(at)p(at) = x() " G(x).
teFy teFy

O

The introduction of the Jacobi sum comes naturally when attempting to multiply two Gauss sums. First,
note that G(1) = 1, which can be derived similarly to the proof of lemma 3.1. So we let x1,x2 # 1 be
nontrivial characters on F:

Gx)Gx2) = Y xi@xe@d@+y) = > xi(@)xa(z — 2)¥(2).

z,y€F, z,2€Fy

Note that we have extended the sum to all of I, with reference to the previous remark, and have introduced
z = x +y. We next split the sum into cases of z =0 and z # 0:

Gx1)Gx2) = Y. xi@xa(z—2)b(z)+ > xi(x)xa(—z).

z€F,,z€F z€F,
As x1 # 1, x1(0) = 0, and so the second sum is x1(—=1) > x1x2(—z). So if x1x2 # 1, then just as in lemma

z€Fy
3.1 we get the sum being 0. Otherwise, the sum is x1(—1)(¢ — 1).

For the first sum, we make the change of variable of removing x and introducing r = x/z (as z # 0), and
we calculate:

Yo oxi@xez-o)z) = D xa(2)xe(2)v(2)xi(r)xe(1 - )

z,2£0€F, rEF,,2€F
_ (Z we)i)) (Z At -n)
=6t - X e -n).

S

Definition 3.6. For nontrivial multiplicative characters x1, x2 # 1 on F), the Jacobi sum of x; and xa is
J(x1,x2) == 2 xa(r)xz(1—r).

ref,



The above calculations give us:

G(x1)G(x2) = G(xax2)J (x1, X2), (3.4)

as long as none of x1, x2, x1Xx2 are 1.

When x = x1 = x5+, we get G(x, x ™) = x(=1)(¢— 1) +G(1)J(x, x ). So we calculate the Jacobi sum:

_ _ T
Joex == xtx'-n == > x(y—)
refy refg\{1}
1
Now, F\{1} - F\{-1} : r — ﬁ =-1+ = is a bijection, hence this sum is just — Y x(t) =

teFg\{-1}
x(=1). Therefore G(x)G(x~!) = x(—1)g. We collect the above results (and a couple of new ones) into a

proposition.

Proposition 3.7. For all a € F; and nontrivial characters x, x1,x2 # 1 such that x1x2 # 1, where x has
order n, we have:

1)Gao(X) € Z[Cp, Cnls iv)G(x1)G(x2) = G(x1x2)J (X1, X2);
i1)Galx) = x(a)'G(x); v)x(-1)G(x™") = G(x);
i) G()G(x ") = x(—1)g; vi)G(x)G(x) = ¢

Proof. i) is clear, we have already proved ii) — iv), and vi) follows from v) and #ii) (noting x(—1)% = 1). For
v), we calculate:

tery teFy
where we have used that the complex conjugate of a root of unity is its inverse. O
Recall that in the previous section we showed 72 = +p; here 7 = —G(x) when x is the quadratic residue

symbol in Z. The result that generalizes this is the following corollary.

Corollary 3.8. Let x be a character of order n on F,. Then:

GX)" =GN 06T 06X - Jo6x ™)

for all1 <r <n—1. Furthermore,

G(X)" = x(—=1agJ (x; \)I(x; X2) -+ J(x, X" 72) € Z[C).- (3.5)

Proof. The first part is derived by repeatedly applying property iv) of proposition 3.7. For the second equation,
take 7 = n— 1, multiply each side by G(x), and simplify using x"~! = x =1 (x has order n) and G(x)G(x 1) =
x(—1)g. O

We have derived some interesting results so far, however it is not immediately clear how they relate to
reciprocity. We will require the prime ideal factorizations of Gauss and Jacobi sums, as well as a result
analogous to Proposition 3.2ii).

Proposition 3.9. Let p = 1 (mod n) be an integer prime, let p be any prime ideal lying above p in K =
Q(¢n), and let x = (E)n be the power residue symbol. If r = 1 (mod n) is any integer prime not equal to p,
then

Gx)"t=x(r)"" (mod 7). (3.6)



Proof. By proposition 2.5, p splits into a product of ¢(n) primes, all with inertia degree 1 (note that similarly
if p has inertia degree 1, then the integer prime it lies above is also 1 (mod n)). The inertia degree being 1
implies that G(x) = — > 4_; 0 )¢} Now we calculate (noting that 7 is odd as n | r — 1, and 7 is prime):

G =-> x)¢t = ZX ¢t =x(r)"'G(x)  (mod 7).

t=1

Multiply each side by G(x), use G(x)G(x) = p, and divide out by p (which is coprime to r) and we get the
result. O

To obtain the factorizations of the sums for small powers, the following lemma and proposition will suffice.

Lemma 3.10. Let p be an integer prime. Then:

pil & 0 (mod p), ifo<k<p-—1;
a® =
-1 (modp), ifk=p—1.

Proof. For k = p — 1 this is trivial by Fermat’s Little Theorem, and otherwise the proof follows exactly as
the proof of lemma 3.1. O

Proposition 3.11. Adopting the notation of Proposition 3.9, we have J(x%, x*) =0 (mod p) for all integers
a,b>1 such thata+b<n—1.

p—1
Proof. As p has degree 1, we can write the Jacobi sum as J(x%, x?) = — > x%(t)x*(1 —t). Since by definition
=0

we have x(t) = th (mod p) for all ¢, and x(0) = 0, we can write this sum as:

a(p 1) b(Pfl)
J(x% x" ——Zt n (mod p).

—-1) bp-1
Upon expansion, the exponent of the t’s are at most alp—1) + (p=1) =(p—1)
n n

So by the previous lemma, the sum over ¢ of these is 0 modulo p, and hence the entire sum is 0 modulo p. [

4 Cubic and Quartic Reciprocity

4.1 Cubic Reciprocity

The cubic case is fairly simple, as we can find the prime ideal factorization of G(x) fairly easily. Throughout

—1+v=3

this section, we will let w = (3 = — . Recall that K = Q(w) has class number 1, so Z[w] is a PID

and a UFD (and thus the primes coincide with the prime ideals). Since K is an imaginary quadratic field,
the norm on K is just the typical modulus on C, i.e. |-|. We begin with some quick propositions dealing with
the units in Z[w], and their ramifications (the non-mathematical sense of the word).

Proposition 4.1. The units of Z|w] are +w" forr =1,2,3.

Proof. Recall a 4+ bw (a,b € Z) is a unit if and only if £1 = |a + bw| (as this is the norm over Q). Well, we

calculate:
2ab+b\/3’ _
: _ -

la + bw| = )2+ 3b% = Va2 —ab+ b2

Therefore this amounts to solving a? — ab + b*> = 1. If ab > 0, then (a — b)? < a® — ab+ b hence a — b = 0,
and then a = b= +1. If ab < 0, then (a + b)? < a® — ab+ b? so now a = —b and we get no solutions. Finally,
ab = 0 gives us (a,b) = (£1,0),(0,%1), so all together there are precisely 6 distinct units. Since +w" for
r=1,2,3 are 6 distinct units, this is the entire set. O

10



Definition 4.2. In the ring of integers of a number field, nonzero numbers x and y are called associates if
their ratio is a unit.

Proposition 4.3. If x € Z|w] is coprime to 3, then exactly one associate of x is equivalent to 1 modulo 3.

. 2 2 OK Z . . .. .
Proof. Since 3 = (v/—=3)* = (1 + 2w)?, we see that <3 oz Since precisely one unit is equivalent to 1
(mod 3), they are all distinct modulo 3, and hence form the 6 residue classes modulo 3 which are coprime to
3. So if x is coprime to 3, it falls into exactly one of these classes, and thus the result follows. O

It is worth explicitly pointing out that modulo 3 has a slightly different meaning than normal here: typi-
cally the residue classes are 0, 1,2. However, when working in Q(w), the residue classes are now a + bw where
a,b € {0,1,2}. As 3 is no longer a prime, this is no longer an integral domain either.

Proposition 4.4. Let p = 1 (mod 3) be an integer prime, and x a character of order 3 on F,. Since
J(x,X) € Z|w), let J(x,X) = a+ bw with a,b € Z. Then we have p=a® —ab+b*, a=1 (mod 3), and b= 0
(mod 3).

Proof. Proposition 3.7 showed that G(x)G(x) = p, and Corollary 3.8 gives us G(x)® = pJ(x,x) (since x
. 1 .

has order 3, x(—1) = x(—1)* = 1). Thus |G(x)| = /p, and so |[J(x,x)| = 1;|G(x)5| = /p- But we have

J(x,X)| = la + bw| = Va2 — ab + b2, whence we get p = a® — ab + b*.

To finish, we need to show that J(x,x) =1 (mod 3). Well, we calculate:

p—1 p—1
GO)P ==Y W ==Y ¢t=1 (mod 3).
t=0 t=1
We now get: J(x,x) =pJ(x,x) = G(x)> =1 (mod 3), finishing the proposition. O

Corollary 4.5. Let w be a prime in Z[w] such that m =1 (mod 3), and 7 lies above an integral prime p = 1
(mod 3). Letting x = (;)3, then:
J06x) =7, G(x)* = o°7. (4.1)

Proof. Proposition 3.11 tells us that 7 | J(x, x). But |[J(x, x)| = \/p = 7 from the preceding proposition, so
7 and J(x, x) differ by a unit. As J(x,x) =1 = 7 (mod 3), we get J(x,x) = . The second part follows
from p = |n|? = 77 O

Definition 4.6. A number in Z[w] is called primary if it is equivalent to a nonzero integer modulo (1 —w)?.

This is equivalent to it being £1 (mod 3).

Remark. We have to be a bit careful: as we are in a PID, we can and will refer to ideals by any generator.

So when (%)3 is written, (3 is in fact the ideal generated by 8 and not the elements 5. Hence this value does

not change when multiplying 8 by a unit. However, multiplying the a by a unit can in fact change the value
of the symbol! Thus, for reciprocity laws, we will often need assumed conditions about the inputs, and this
does not lose us any generality.

Proposition 4.7. Let o € Z[w] be primary, and a € Z be such that o, a are relatively prime. Then:

(5),- (),

Furthermore, (%)3 =1 for all relatively prime a,b € Z with 3 1 b.

11



@ a
Proof. Since the cubic reciprocity symbol is multiplicative, it will suffice to prove () = () when
@/3 @/3

a € Z[w] is prime and a € Z* is an integer prime (also noting that (_71)3 =1 for all ). We split into three
cases:

Case 1: p=aa =1 (mod 3) is an integer prime, and a = ¢ = AA =1 (mod 3).

Let x = () , Proposition 3.9 tells us that G(x)?! = x(¢) ™! = x(¢)? (mod q). Using the Gauss sum
@3

factorization, we get:
2 . 2—
(q) =G = (fa)T = (Oé)\a> (mod A),
3

hence

Observe that

(3).= (5).=

Simplifying the right hand side of 4.2 gives us:

(%), (3),- (),

Squaring yields the equation (q) = (a) , as desired.
&/ 3 q4/3

Case 2: p=aa =1 (mod 3) is an integer prime, and a = ¢ = 2 (mod 3).
In this case, we modify 3.9:
p—1

G =) x(t)i¢ = ZX )28 = x(@*)’G(x*) = x(9)G(x ") (mod g).

Thus we have

Therefore
ax(g) = GH)™ = (@) (mod q). (4.3)

Writing a = = + yw, we get

=g+ ylwi=c+yw ' =a (modg).

Using this in Equation 4.3 gives us

attt (Z) = (@7 (mod q).
3

(2), %< 2), o

We can drop the modulo ¢, yielding the desired equality.

Finally, this yields

Case 3: a = p=2 (mod 3) and a = ¢ =2 (mod 3) are integer primes.

12



First, note that this is the last case, since « = p =2 (mod 3) and a = ¢ =1 (mod 3) is a consequence of
case 2 (switch a, a, repeat with @ instead of «, and multiply). Case 3 is in fact trivial; Proposition 2.3 tells

us that (q) =1= (p)
P/3 q)3

For the last part of the proposition, it suffices to show the result when b is an integer prime. If b = 2
(mod 3), then we are done by Proposition 2.3. Otherwise, b = AX =1 (mod 3), and:

o D-E-06-0.0) (5),3), D

Proposition 4.8. Let p,q be integers with p = 1 (mod 3) and ¢ = 2 (mod 3). Then the following supple-

mentary laws hold:
(5), -~ (5),-*
—_ = w 3 ’ —_ = Ww 3 ’
P/ a/3
<1w) p=1 (1w> —1-g
=w 3 ; E— =w 3 .
p 3 q 3

Proof. First, assume p, g are integer primes. If p = aa =1 (mod 3), then

-GG G-

(w> :wq2:;1 — (qul)q_l :qul.
3

The extension to all composite integers comes from the following sequence of calculations:
Ifx=3m+1,y=3n+1 then

Next,

1—zy 1=z 1-y

3 —m-n=— +T (mod 3).
Ifz=3m+1, y=3n+2 then
1gxyzn+2m+1z—m+n+1£1;x+l—§7y (mod 3).
Ifz=3m+2, y=3n+2 then
1_xyz—2m—2n—1zm+1+n+lz1+x+1+7y (mod 3).

3 3 3

From the preceding proposition, if x € Z is coprime to 3, then we have (%)3 = 1. Thus
2

(57),- (7)), (5), »

from which the last two equations follow. O

We are now ready for the main result of this subsection: the cubic reciprocity law in Q(w)!

Theorem 4.9. [Eisenstein’s Law of Cubic Reciprocity] Let o, 8 € Z|w] be primary and relatively prime. Then

(5).- (),

Furthermore, if « = a + bw with a = 3m + 1 and b = 3n, then
E :wl_g_b :w—m—n; 1-w :waygl =wm.
a/, @ /3
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Proof. As always, we can assume «, 3 are prime and primary. If one of them is an integer prime, then it is
equivalent to 2 modulo 3 and this case is covered in 4.7. Thus assume a@ = p =1 (mod 3) and f3 =q =1
(mod 3) are integer primes.

Case 1: p, q are distinct
Equation 4.2 applied to (p,q) and (g, p) gives us:

(-,

(%)),

Multiply these equations, substitute the factorizations for p, ¢, and cancel out cubes to get (g)s = (%)3 as
we desire.
Case 2: p=g¢q

This case is made easy by a clever manipulation:

(2.7 (%), F9). - (59).- (%)= (5),

The second equality is valid since a, @+ « are relatively prime and primary, and so case 1 applies (the fourth
equality is similar).

For the first supplementary law, we first note that

w\ (W)
a)y \a)y
Multiplying each side by (%)3 gives

2
w w 1-p 1—a?4ab—b2
— = — = Ww 3 = W 3 s
@/ 3 P/3

where we used Proposition 4.8 for the second equality. Since ¢ = 1 (mod 3) and b = 0 (mod 3), we get
(a—1)2=0b%= (a—1)b=0 (mod 9), and therefore 1 —a? +ab—b*=1—-(2a—-1)+b—-0=—-1+a+b

(mod 9). Hence
<w>2 Cia
— ] =w s .
a/3

Squaring this equation yields the first supplementary law.

For the second supplementary law, consider the following;:

(%),- (=)= (%), - (%), - (%%),

Apply this n times, and use the first law to get

(3),- (), ()

The second supplementary now follows easily from
1—w 1—w\* —3w\? a1
— = =Ww 3 .
@ /3 @ /g @ /3
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We shall end this subsection with a warning: if (%) 5 = 1 then it does not necessarily mean that « is

a cube modulo S (just as it is for the Jacobi symbol). This mistake is easier to make now because integer

primes equivalent to 1 modulo 3 are no longer prime! As an example, 13 = —1 (mod 7) hence (%)3 =1, and
so we conclude that (1—73)3 = 1. Letting 13 = a@, Proposition 2.6ii told us that 7 is a cube modulo 13 if and

only if (5)3 =1, not if (%)3 = 1. In fact, 7 is not a square modulo 13.

4.2 Quartic Reciprocity

The quartic reciprocity law is similar to the cubic law, but it is not a consequence of the Eisenstein reciprocity
law proved in the next section. Thus the result is of interest, but the methods involved are very similar to what
we have already seen, so we will present the key steps only. For a full breakdown, see sections 6.2 and 6.3 of [3].

We are working in Q(¢4) = Q(%), which has Z[i] as the ring of integers.
Definition 4.10. Call x € Z[i] primary if z =1 (mod 2 + 23).

Proposition 4.11. Let p = 1 (mod 4) be an integer prime, let x be a character of order 4 on F,, and let
J(x,X) = a+ bi with a,b € Z. Then a =1 (mod 4), p = a® + b?, and

TG x3) = x(=1)J(x; x); G =p-J(x.x)*

Proposition 4.12. Let 7 =1 (mod (1+14)%) be prime in Z[i], and let x = (%), be the power residue symbol.
Then

J(xx) = x(=, J(x, %) =, G(x)* = 7.

Theorem 4.13 (Quartic Reciprocity Law). Let « = a + bi, 8 = ¢ + di be relatively prime and primary
Gaussian integers. Then we have

(B).2), - -

Furthermore, there are supplementary laws

7 1-a 1+:2 La—b—b2_1 2 =b
— =17 2 N =1 4 s — =1 2
)y @ Jy )y

5 Eisenstein Reciprocity

5.1 Gauss Sum Factorization

Before we start off, we should recall a few useful facts. Let K = Q((,), and p be a prime ideal of K above
p =1 (mod n). Proposition 2.5 tells us that p has inertia degree 1, so p splits completely. Let x be a multi-
plicative character on F,, then Proposition 3.7 says G(x)G(x) = p, and Corollary 3.8 gives G(x)" € Z[(y)-
Hence the only prime ideals that can occur in the prime factorization of G(x)™ in Z[(,] all lie above p.

The Galois group G = Gal(K/Q) acts transitively on the prime ideals above p, hence letting u = G(x)"
we can write uOx = p7, where v = > b,0 € Z[G] (note that v depends on the choice of p lying above p).

g
Thus to determine the factorization, it suffices to determine v. We will do so with a series of lemmas.
Lemma 5.1. Let v =Y b,o be defined as above. Then

Z by = %n¢(n),

oceG
and 0 < b, <n,
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Proof. Taking norms, we find that
NK/QIU’ = NK/QP’Y — pZuEGb“’ and

Nicjon® = Nijo(ufi) = N jo(p™) = p"¢™.

Squaring the first equation and equating to the second gives the equality. The first half of the inequality is
from G(x)™ = pu € Z[(,] (it is integral over Z), and the second half is from pp = p™. O

Note that if S = {z|1 <z <mn, ged(n,z) = 1} then the size of S is ¢(n) and the sum of the elements of
S'is ing(n) (pair up z with n — z). As the Galois group has size ¢(n), this suggests that S and {b,} are the
same set.

Lemma 5.2. Let x be a character with order n on F,, where p =1 (mod n). Let G(x) be the Gauss sum
associated to x, and put L = Q((,, G(x)). Then L C Q(Cpp) and [L : Q(C)] = n.

Proof. The inclusion Q((,) € L C Q((pp) is clear. All extensions here are abelian, so Gal(L/Q(¢,)) is a
subgroup of Gal(Q(¢np)/Q(¢n)) = Gal(Q((,)/Q) (the inclusion is clear, and the groups are isomorphic since
both have the size ¢(p) = p — 1 as n, p are coprime). Therefore this Galois group is cyclic.

Take g to be a primitive root in ), and let o € Gal(Q((np)/Q) be o : ¢, — (7 and ¢, — (o As X
has order n, and g is a primitive root, we see that x(g) must be a primitive n*" root of unity. Now, o is a
generator for Gal(Q(¢,p)/Q(¢), hence o|f, generates Gal(L/Q(¢,). We have

p—1

G()” =—>_ x(t)¢" = x(9) ' G(x),

t=1

whence o™ is the smallest power of o which fixes L. Thus Gal(L/Q((,)) is cyclic of order n, generated by
o|r, and the conclusion follows. O

Lemma 5.3. Let v =Y b,0 be defined as before. Then ged(b,,n) = 1.

Proof. Let p be a prime above p in K with p*||G(x)™ = u; we need to show ged(a,n) = 1. Since G(x) satisfies
f(x) =2™ —pin K[z], and [L : K] = n from the above lemma, f(z) is the minimal polynomial of G(x) over
Kz].

Recall that K C L C Q(¢p, p), p ramifies completely in Q(¢,) and splits completely in Q(¢,,). Hence K is
the decomposition field of p inside Q((,,(p), and p ramifies completely in any field between K and Q((,, (p)-
Thus there is exactly one prime ideal q of Of, that lies above p, and p = q". We have

Kyl
/()
In particular, this implies that f(z) is irreducible in K [z].

Let w = ged(n, a), and since q"* = p*||G(x)", we get q*||G(x). In Lq, we have G(x) = q%u where u is a
unit (recall that complete fields are PIDs, so we can work with our prime ideal as being an actual element).

So p = p*u™ in K, and v = u™ must be a unit of K},. Now, g(x) = 2™ —v has a solution in Lg, so this descends
to a solution of g(z) in the residue field, which is F,, (q has inertia degree 1). As v is a unit, v # 0 in F, and
so the root in I, is nonzero. But F,, contains all nt" roots of unity, hence g(x) is separable and splits in Fp!
The residue field of K, is also IF,,, whence as g(z) € K,[z], we see that its reduction is separable and splits in
the residue field of K, so by Hensel’s lemma all roots of g(z) are in K,. Sou € K, and pp = u"p® is true in K.

Take f(z) = 2™ —u, and then 2w —uwpw|f(z) in K,[z]. Since f(x) is irreducible in K, [z], this immediately
implies that w = 1, hence the lemma is proven. O
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For 1 < a < n coprime to n, let 0, € Gal(K/Q) denote the automorphism of K given by (, — (2.

Write vy = > b,04. For 6 € Gal(L/Q), let e(0) € (%)X be defined by 6 : ¢, — Cz(e). Thus we see that
(a,n)=1

Ol = oe(o)-

Lemma 5.4. With the notation above, we have 0y = e(f)y (mod n).

Proof. Let A= G(x)?~°® € L; T claim that A € K. Let o € Gal(L/K) be a generator of this cyclic group,
where we associate Gal(L/K) with a subgroup of Gal(L/Q), and we may also think of «a as the restriction

of an element of Gal(Q((np)/Q) (this was explored in Lemma 5.2). So, a : ¢, = ¢, and « : ¢, — ¢J for some
g coprime to p. In Lemma 5.2, we showed that G(x)® = x(g) "'G(x). Since Gal(L/Q) is abelian, we have

go - C0G) _ Ha(G)) _ 0e)'G0)) 1
a(G(X)e(G)) a(G(X))e(G) (X(g)—lG(X))e(G) X(g)g_e(g)

But x(g) is an n*" root of unity, so x(g)*®) = Te6)(X(9))- As 0|k = 0ep), we get AY = A. Since « generates
Gal(L/K), this implies that A € K as claimed.

A.

We now get A" = p~% in Ok, so all exponents of prime powers on the right hand side are multiples
of n. Pluging in pu = p7 yields the claim. 0

Note that the above implies that o)y = 6y = e(f)y (mod n), or more simply, 0.y = ¢y (mod n). So

OcY = Z Ucbao'a = Z bao'aca

oY=y = Z cbyog = Z CbacOac  (mod n).

Equating coefficients gives us cby. = b, (mod n), or by = ¢ b, (mod n) for all a, ¢ € (Z/nZ)*. In particular,
b. = ¢ 'b; (mod n), so since by is coprime to n, we see that the set of b, forms a complete residue set
modulo n as we suspected. As 1 < b; < n, we in fact get that b, = ¢~'b; (mod n) defines b. uniquely, and
{b1,..., by} = {21 <2 <n, ged(x,n) = 1}. Thus b; = 1 for some i, and we can change which p we choose
so that b; = 1. We summarize our result in the following proposition.

and

Proposition 5.5. Let x be a character on F,, of order n, where p =1 (mod n) is an integer prime, and take
G(x) to be the corresponding Gauss sum. Let K = Q((,), and oy € Gal(K/Q) be oy : ¢ — ¢ for 1 <t <n
and ged(t,n) = 1. Then there exists a prime ideal p above p in K such that

G(X)"Ok =9, y= Y, o (5.1)
1<t<n
ged(t,n)=1
where t=1 is the smallest positive integer such that t='t =1 (mod n).

An amarzing part of the above proposition is it is true for any character of order n on F,! However we still
have a small hole: with (;)n, we do not know which prime ideal to choose! Let x = ( ;);1 (note we take the
inverse), and we claim that p||G(x)". Now, p = PP~ in Q({pn), so we get

PlIGH)"™ <= B Y|G()" <= BT [|G(x).

Let m = % and II = ¢, — 1; note that since II generates the unique prime ideal above p in Q((,), then
PBI|IL. The result of P™||G(x) follows immediately from the following proposition.

Proposition 5.6. Inheriting the above notation, the following congruence holds

% (mod P+,

Gl = 2

17



Proof. The following computation yields our result:

p—1 p—1 p—1 t
t .
G0 =Y e =S xOA+m =3 ()Y ( _)na
t=1 t=1 t=1 = M
m p—1 p—1
E1,2 Z th—l—m <t) Hj _3,4 th—l—m ( t >Hm
j=0 t=1 J =1 m
- tm IV (2
_4 —1-m m — _ m

We have used the following:
1. x(t) = tP~17™ (mod p);
2. 1V =0 (mod II™R) for j > n;

t t
3. | . ) is a polynomial of degree j in ¢; so when j < m, tp_l_m< > contains a monomial of degree divisible
J J
by p — 1 if and only if j = m;
p—1
4. 3" t* =0 (mod p) if p — 1 does not divide k (see Proposition 3.10);
t=1

5. 1™ | p;
O

This proposition says that when we take x to be the inverse of the power residue symbol, then the p in
Proposition 5.5 is the p in the denominator of the power residue symbol. From G(x~1)G(x) = £p, we can
get the factorization of the G ((E)n) We collect our conclusion into the following theorem.

Theorem 5.7 (Stickelberger’s Relation). Let K = Q((,), x = (;);1,

the integer prime p = 1 (mod n). Take G(x) to be the corresponding Gauss sum, and or € Gal(K/Q) be
o1 G — CL for 1 <t <n and ged(t,n) = 1. Then

G(0)" Ok =97, = Y e, (5.2)
1<t<n
ged(t,n)=1

where p is a prime ideal lying above

where t=1 is the smallest positive integer such that t~*t =1 (mod n).

5.2 Eisenstein Reciprocity
Let’s start off with a proposition similar to Proposition 3.9.

Proposition 5.8. Let p =1 (mod n) be an integer prime, let p be a prime ideal above p in K = Q({,), and
let w = G(x)™ where G(x) is the Gauss sum corresponding to x = (5);1 (note the inverse). Then for all
prime ideals q in Ok coprime to pn we have

(3).-(5). 63

Proof. As q 1 n, the equation 2™ — 1 is separable in F,, and as K contains all nt? roots of unity, their
reductions modulo g form a subgroup of F;f of order n, hence ¢f =1 (mod n). Thus

(GO =Y x®)7 ¢’ =3 x()¢e’

t t

——x(@" 60 = (

where Nq = ¢/ is the norm of q over Q.

Nq

X )n(—G(X)) (mod ¢Ox).
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Therefore (—G(x))?'

(NTf‘q)n (mOd q) We also have

(GO0 = (C1)) = = (‘q‘) (mod q),

and equating the two expressions gives us the result (as normal, we can drop the modulo g). O

Definition 5.9. For each prime ideal p { n in Z[(,] define ®(p) = G(xp)™ where x, = (E);l Extend @
multiplicatively to all ideals coprime to n.

From the multiplicativity of ®, the power residue symbol, the norm, and Proposition 5.8 we get

(%) - (2).

for all ideals a which are products of prime ideals of degree 1 not dividing n.
Now, if @ = aOy is principal and a product of prime ideals with inertia degree 1, then there is a unit
e(a) € OF such that

O(a) = e(a)a”, (5.5)

where v is defined in Equation 5.2. Note that all results in this section have not required n to be an odd
prime; we will finally introduce that restriction. Let n = £ be an odd prime, and then

(), - (), - () - (&),

Upon multiplying this over t, we get
o’ o o
=) = = — . 5.6
(Cl)e H(q‘”)z (Nq>z >0

This looks very promising: combining 5.4 and this last equality gets us something that starts to approach

a reciprocity law. However, at the moment there are two major problems: we have the factor of e¢(a) to
deal with, and the equations are only valid when the primes dividing a have inertia degree 1. Before dealing
with those problems, we will introduce the concept of semi—primary numbers (similarly to in the cubic case).

Definition 5.10. Let £ be an odd integer prime, and call o € Z[(,] semi-primary if a and £ are coprime,
and a = a (mod (1 — (;)?) for some a € Z (note that a is necessarily nonzero).

To familiarize ourselves with working with semi-primary numbers, the following proposition suffices.

Proposition 5.11. Let ¢ be an odd prime, and assume that ged(a, ) = 1 for some o € Z[(]. Then there is
a unique c € % such that (o is semi-primary;

Proof. Let A\ = 1—(y; then (\) is the unique prime ideal in Q({) above £. Since powers of {; form an integral
basis for Og¢,), powers of A =1 —(; do as well, and thus a = a+ b\ (mod A?) for some a,b € Z. As a, £ are
coprime, we see £ { a, so choose ¢ € Z by ¢ = ba~! (mod ¢). Since ¢§ = (1 — A)° =1 — ¢\ (mod A\?), we see
Ca=(a+b\)(1—ch) =a+ (b—ac)) = a (mod N\?) as required. Clearly the implications hold in reverse,
i.e. ¢ is uniquely defined modulo /.

O

gth

The first use of semi-primary numbers comes now: if « is semi-primary, then e(«) is an power!

Lemma 5.12. The unit e(«) defined in Equation 5.5 has the following properties:
i) e(«) is a root of unity.
it) If « is an semi-primary and n = € is an odd integer prime, then ¢(a) = £1.
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Proof. 1) Let K = Q({,); I claim it is sufficient to show that |e(a)] = 1. Indeed, assuming this, then as
complex conjugation is in the abelian Galois group Gal(K/Q), for all o € Gal(K/Q) we have 1 = o(1) =

(e(a)e(a))” = e(a)?e(a)® = |e(a)?|?. But |e(a)?| = 1 for all ¢ € Gal(K/Q) implies that a is an n** root
of unity by a theorem of Kronecker (Here’s a bummarized proof: let €(«) and its conjugates be 71, ..., 7.
Let fi(z) € Klx] be the polynomial with roots {7‘ 5—1; simple Galois theory shows that this is in fact a
polynomial in Z[z]. The condition now gives us that the coefficients are bounded in Z, hence for some powers

we get the roots being the same and in the same order, and thus equating them shows that they are roots of
unity).

Hence we need to show that |e(a)| = 1. First, |®(p)|? = p" = (Np)™ for all prime ideals of inertia degree 1,
hence |®(a)|? = [N(«)|™. Note that o_; is complex conjugation, and so |a”7|?> = a?a??-1. We calculate

1+o0_1) Zt 1Ut+Zt 10750 1= Zt 1Ut+2t lo_ +
:Zt_ Ut—l—z n—t_l O‘tZTLZUt,
¢ t t

whence |a7|? = |N(a)|" yielding the claim (recall the equation ®(a) = e(a)a?).

ii) Let a = 2z (mod A?), where A = (1 — (;)Ok is the prime ideal above the integer prime ¢, and z € Z.
For o € Gal(K/Q), A° = A (the Galois group acts transitively on the primes above ¢, which is only A).
Applying o to our equation yields a® = z (mod A?). Thus

‘
QY = P2 — <Z> =41 (mod A?).
2

If we can show that ®(a) = +1 (mod A?), then €(a) = £1 (mod A?) and so €() is a semi-primary root of
unity, whence it is +1.
As per normal, we only need to check this when a = p is a prime ideal. We calculate

®(a) = Gxp)" = (= D xp (1) = =Y xp () 9(1) = =D (k1)

40 140 140
=¢(0)=1 (mod ¢),

and we are done since A% | £ as £ > 2. O

Let o € Z[(¢] be semi-primary, let o : (; — (; be a generator of Gal(K/Q), and define

B=a, S= [ a-0%.

ell—1

e£l—1
Let p be a prime ideal of degree f > 1 that divides 5, and let the integer prime p above p split into a product
of e prime ideals; then ef = £—1. As f > 1, 1—0° occurs in the product, and so we can write S = h(c)(1—0°)
for some integer polynomial h(x). But o€ fixes p, so p occurs equally often in the numerator and denominator
of B = (a9))1=" whence p does not occur in the factorization of SOk! Thus fO is a product of prime
ideals of inertia degree 1.

Let q be any prime ideal coprime to af, and then from Equations 5.4-5.6 and Lemma 5.12, we know that
(Niq)z = ( ) Let Nq = ¢/ where ¢ is an integer prime; then f | £ — 1, so f is coprime to £. So we get

(%) (7) and so (g)z = (E)é' We also have (”‘q—a)Z = (%)Z = (%)Z, and we calculate (the products are
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taken over the same range as for S, namely e | { — 1 and e # £ — 1)

R O O )
4/ q/ 9/ B/
(a [I(1—0°) (q [1(1—r°)
e ) -~ \a ¢ .
q

The product [J(1 — r¢) is not divisible by ¢, hence we conclude that (g) . = (7) , for all semi-primary
e

a € Ok and integer primes ¢ coprime to af. As the power residue symbol is multiplicative, we can replace
q by a € Z coprime to af. We record this result, some supplementary laws, and a couple corollaries in the
following theorem.

Theorem 5.13 (Eisenstein’s Reciprocity Law for I-th Powers). Let £ be an odd integer prime, and suppose
that a € Z and o € Z[(;] are semi-primary and relatively prime to each other. Then

ay (@
a), \a),
Furt&wrmore, the following also hold
i) <E)Z =1lifa€Z+¢ Y (ie ais real);
i) (%)g =1 for all a,b € Z with ged(a,b) = ged(b, £) = 1;
i11) The two supplementary laws:

£+1
2

(C@) _ (ate1)e (1—Ce> B (Cz)
2 _Ce , — i
a/jy a ¢ aJy

[the second supplementary law is incorrect in [3]; they have the exponent as Tl instead of #/

Proof. Only assertions i)-iii) remain.
i) Let G = Gal(K/Q) with K = Q({s), and let 7 € G be complex conjugation. Then H = (7) is a normal
subgroup of G with order 2. Let p be a prime ideal in Ok above the integer prime p with inertia degree

G ECRORCR

Since p/ = [] p7, we get
ceG

and so the result follows as ged(f,¢) = 1.

b
ii) This is a special case of i) for ¢t a, and otherwise, (%)Z — (a—;)- )é =1.

iii) First, take a = p to be an integer prime, and let pOg = p1p2 - - - py. Suppose the inertia degree of the
pi’sis f; then £ —1 = fg. We have

o

g g pf 1 1
(©)-16) -
D/ j=1 bj )4 j=1

pfgflzpffl
14

Since
pl—1

(pf(gil)+"'+pf+1)Eg 7

(mod ¢)
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the first supplementary law holds for integer primes a = p. Now,

(mn)*~t —1 _ mf=t — L N nt=1t -1
1 1 1
-1 _ 1 -1 1
S 7 + 2 7 (mod ¢)

shows the first law holds for all a (by repeated applications of the above equation).
The second law holds from the first law, i), and that (1 — (,)2¢, " is real.
O

Remark. Takagi extended Eisenstein’s result to arbitrary number fields K containing ¢, (page 393 of [3]).

6 Artin’s Reciprocity Law

6.1 The Artin Symbol

Let L/K be a finite Galois extension of number fields, and let 3 be a prime ideal in Oy, which is unramified
in L/K.

Definition 6.1. The Frobenius automorphism ¢ of B is the unique automorphism ¢ € Gal(L/K) such that

d(a) =™ (mod P) (6.1)
for all & € OL\PB, where p is the prime ideal in Ok below B, and Np is the norm of p.

The existence and uniqueness of ¢ is easily seen when looking at the local picture. Indeed, let Np = ¢,
and let f = [Ly : Ky] = |Gal(Lg/Kp)|. As p is unramified, we recall that the residue field of Ly is F s, and
that Gal(Ly/K,) ~ Gal(F,s/F,) (pg30 of [2]). Thus the Frobenius automorphism of Gal(F,s/F,), which
sends a@ — af, corresponds to a unique automorphism of Gal(Ly/Kp). This group injects into Gal(L/K),
with image being the decomposition group of P (pg24 of [2]). Translating the original action on F s to L
gives Equation 6.1. Given a ¢ satisfying Equation 6.1, we see that if « € Op\'B then ¢(a) € O\, whence
o(B) =P, and so ¢ is in the decomposition group of P. Therefore we can work backwards and see that ¢
must be unique, as claimed.

Definition 6.2. The Frobenius symbol is

<[4

where ¢ is the Frobenius automorphism defined above.

Lemma 6.3. Let 0 € Gal(L/K). Then

L/K L/K
{4
RY RY

Proof. First, note that 8 being unramified implies B is also unramified, so our expression is defined. Now,
apply o to Equation 6.1, and we get

@) = oa™) = (0| 24 ) = (0| F45 | o ota) - (mod ),

for all o(a) with o € Op\P. Letting 8 = o(«), this is the same as saying

for all 8 € OL\PB7, and we deduce the result. O

Jo35 anod )
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Now assume L/K is abelian. Then for any o € Gal(L/K), we have
SRR lanlE s
=0|— |0 = |——]|.
Rud RY RY
Recalling that the Galois group acts transitively on the primes above p, we thus see that the Frobenius symbol
does not depend on the prime above p. This knowledge allows us to now define the Artin symbol.

Definition 6.4. Let L/K be a finite abelian extension of number fields, and let p € O be an unramified
prime ideal. Let 3 be any prime ideal of L lying above p, and then define the Artin symbol (L/TK) as

(L/ K ) B {L/ K }

p pUNE

Extend this multiplicatively on the bottom to all ideals « of Ok coprime to disc(L/K) (i.e. the unramified
ideals).

It is important to remember that the Artin symbol is not an element of L, but an automorphism in the
Galois group of L/K. Furthermore, it is only defined for products of unramified primes. We now can record
the connection to the power residue symbol.

Proposition 6.5. Let K be a number field that contains a primitive n*" root of unity, ¢,. For any a € KX,
put L = K({/a), and let p be any prime ideal of O which is unramified in L/K (p { na suffices). Then the

following identity holds:
CEROR:

Proof. By definition, the left hand side is congruent to ({/a)V? (mod ) for any prime B lying above p.
But p is unramified, so combining these congruences shows that the left hand side is congruent to ({/a)™V?
(mod p). The right hand side is congruent to aVP=1/" 2/ay = oN?/" (mod p), whence the Equation 6.2 is
true modulo p. The left hand side is a Galois conjugate of {/a; they are ¢/ ¢/a for 1 < j < n, which is the
form the right hand side takes. But these n possibilities are distinct modulo p, and so the result follows. [

6.2 Artin’s Reciprocity Law

Let k be a number field; recall a place on k is an equivalence class of absolute values. Non-archimedean /finite
places correspond to completing with respect to a prime ideal, and archimedean/infinite places correspond
to embedding k into C and taking the regular absolute value. As such, a real infinite place is an embedding
oc:k—R.

Definition 6.6. A divisor m is the formal product of finite or infinite real places of K. We write m = [[p}"*,
where the p; are either prime ideals (representing completion with respect to that prime ideal) or infinite real
places.

Let Ik be the group of fractional ideals of K, and take Ay, to be the subgroup consisting of the fractional
ideals whose prime ideal factorization contains no prime ideal dividing m (clearly, the infinite places which
may form a part of m have no effect on Ay). Let HO be the subgroup of Ay, consisting of the principal ideals
which can be written as («), where & = 1 (mod m). That is, if p; is a prime ideal, « = 1 (mod p}'*), and if
p; is an infinite real place o : K — R, we have o(a) > 0. It is clear that HY has finite index in the group of
principal ideals of Ay, which has finite index in Ay,. Thus for any m we get a finite group A, /HQ.

Let Hy be any subgroup of Ay, containing HQ . Suppose that m | n; note we have A, D A, and HY D HY.
Take H, = Hyu N A, D HY, then there is a canonical injection A, /Hy, <~ Ay /Hp. Recalling our definition of
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H? . we see that for every coset aH2 in Ay, we can take o € A, (a coset is just a residue class modulo m,
and since m | n, we can ensure the extra conditions of being coprime to n are met). As Hy, D H2, the same
is true for Hy,, and therefore our injection is a bijection, that is

An  An

H, Hn

canonically.

Let my, my be two divisors with respective associated groups Huy,, Hm,. Call these groups equivalent if
for some (hence all) common multiples m of m;, my we have

Am N Hy, = Ag N Hy,.

It is clear that this is an equivalence relation, and the canonical isomorphism shows that the quotient group
Am/Hyp is independant of the choice of m (within an equivalence class).

Definition 6.7. The equivalence class of the above quotient groups is called the congruence divisor class
group A/H. The least divisor m for which this can be realized is called the conductor f of A/H (where A/H
of course refers to Aw/Hy for any multiple m of §).

Definition 6.8. A finite extension L of K is called a class field for A/H if the prime ideals p of K which
split completely in L are precisely the ones belonging to H. For the infinite real places of K, this means that
we require that all extensions to L are complex if the place was in f, and all extensions are real otherwise.

We can now state a classical theorem in class field theory, and Artin’s reciprocity law (note that there
are several equivalent formulations of the law, we will only state one version).

Theorem 6.9. Let L/K be a finite abelian extension of number fields. Then it is a class field for some A/H.
Moreover, for each congruence divisor class group A/H in K, there is a unique class field L/K; L is abelian
over K.

Theorem 6.10 (Artin’s Reciprocity Law). The Galois group of L/K is isomorphic to A/H. This isomor-

phism is in fact canonical, realized by the map a — (L/TK), which is a surjective homomorphism A —

Gal(L/K) with kernel H.

6.3 The Hilbert Symbol

Before deducing reciprocity laws, we need to introduce the local Artin map, as well as the Hilbert symbol. Let
K be a number field containing a primitive nt" root of unity ¢,, and assume L is a finite abelian extension of
K. If p is a prime ideal of K, then completing L with respect to any prime ideal of L above p gives isomorphic
fields (as L/K is abelian). We will call this field L, for simplicity.

Definition 6.11. Let v be a place of K. The local Artin map is a map 1, : K — Gal(L/K). If v = p is
finite and L, /K, is unramified, then v, is given by

Up(ﬁ)
= (5)

To define v, in general, it involves giving a map K, — A/H (see page 107 of [4]), where A/H is the
congruence divisor class group corresponding to L/K, and then mapping A/H isomorphically to Gal(L/K)
via Artin’s reciprocity law.
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Remark. The local Artin map is defined on K¢, so when we use it on K* we really mean the restriction of
it to K*.

Definition 6.12. Let v be a place of k. The Hilbert symbol is a function (—, —), : K* x K* — ((,) C C*
given by

(o, B)o (V) = ((8))(Va),

where 1, is the local Artin map corresponding to the abelian extension K({/a)/K.

Lemma 6.13. The following simple properties of the Hilbert symbol hold:

i) (o, 88")0 = (a, B)o(a, B')o;

“) (aa/7 /B)v = (Oé, B)v(alv 5)117'

iii) (o, —a)y = (a, 1 — )y = 1

i) (a, B)p(B,a)y = 1; .

v) If either a or 8 is an n'"* power, then («, 3), = 1. Thus the Hilbert symbol descends to a map (Ifix)n X

ey~ (Gn)-

Proof. 1)-iii) are relatively simple manipulations; see page 108 of [4].
iv) Using bilinearity and iii) give

1= (Oéﬁ, _aﬁ)v = (a, —OJ)U(Oé, ﬁ)v(ﬂa Oé)v(,B, _ﬁ)v = (awB)U(ﬁy a)v

v) If a = 4™, then K({/a) = K so the local Artin map is trivial. If 5 = 4™, then as K(/«)/K is cyclic of
order dividing n, we have 1, (8) = 1, (7)™ = id so the local Artin map is again trivial. The local Artin map
being trivial then implies that («, ), = 1. O

Remark. The Hilbert symbol can be extended continuously to a map on K¢ x K* with analogous properties;

see page 109 of [4].

Definition 6.14. Let S denote the set of infinite places of K, unioned with the set of prime ideals dividing
n. For any aq,qs,...,a; € K> let S(aq,@q,...,q;) be the union of S with the set of primes for which
a1, Q9,...,q; are not units (i.e. the set of primes dividing the numerator or denominator of at least one of
the a;’s). Note that S and S(ai,aq,...,q;) are always finite.

Proposition 6.15. Let o, 3 € K*. Then

H(a,ﬁ)v =1

v

Proof. This follows from properties of the local Artin map; see page 109 of [4]. O

Note that this is a finite product: if v = p, where p is a prime ideal not in S(«, 3), then K({/a)/K is
unramified at p and v, (5) = 0, whence ¢, (5) = id, the identity map. Thus (o, 8), = 1 for all such p, and
only finitely many prime ideals are in S(c, 8), completing the claim.

Proposition 6.16. Ifp ¢ S, then for a, 8 € K* we have
(a’ 6))3 — (Z) where v = (7]_)'“)j (a)vp (ﬁ)a"’lﬂ (B)B*'UP (a)'
n

Proof. First, assume a € O is coprime to p, and let 7 € K* be so that p||7. Then

(0 m)p(¥/a) = (W)%(W)%) = (R ) () - (‘;)\/a
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where the last equality is by Proposition 6.5. Therefore we get (a, ), = (%)n

Now for a, f € K*, write a = 7% (®aq and 8 = 7% (%) 3y. Using bilinearity and (-, m)p = 1 we obtain
(avﬁ)p _ (_1’7.(.);’13(04)%(5) (7’1’, Bo)zp(a)(ﬂ_’ Oéo);vp(ﬁ) — ((_1)”p(a)vp(ﬁ)agp(ﬂ)ﬁavp(a)7ﬂ_)p _ ('Y, 7T)P7
from which the result follows (the p’s cancel to give the last equality). O

Corollary 6.17. Ifa, 8 € K* and p ¢ S(a), then

’Up(B)
(0475)}3 = (i) .

Proof. Use vp(a) = 0 in the above proposition. O

Definition 6.18. For o, 8 € K*, let (3)°(®) denote the ideal obtained from starting with (3), and removing
all prime factors which are in S(«). Also, define

(5) - (),

If S(a) = Oy, (this happens when f is a unit), define (%) =1
Proposition 6.19. For o, € K* we have
() - L, e
BIN) s
Proof. Using Corollary 6.17, we see that
o o o a\
(5)- (@), 1, o), = 1L G- I
noting that v,(3) = vy ((8)%(®)) when p ¢ S(a). Using this and Lemma 6.13iv, we calculate

) L e 1 o)

pES (@) pES(B)

{1 eon{ T @on)

p¢S(a) p¢S(B)

H (avﬂ)lﬂa

pES()NS(B)

since the terms appearing in both products correspond to p ¢ S(«, 8); but («, ), = 1 for such p (noted after
Proposition 6.15), so they have no effect on the product. To finish, apply Proposition 6.15, and use Lemma
6.13iv to finish. 0

Now we have an expression which looks more like a reciprocity law than Artin’s law! Note that if a, 5 € Ok

are coprime to each other and to n, then (%) = (%)n, so to deduce reciprocity laws we just need to calculate

(B, @), for v e S(a)NS(B).
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7 Deducing Reciprocity Laws

7.1 Quadratic Reciprocity Revisited

Take n = 2, and note that (a, 8), = £1 as it must be a square root of 1. So we just need to find a condition
on a, ,v that is equivalent to (a, 8), = 1. From page 111 of [4], this condition is simply

(a7ﬁ)v —

1 if ax? 4+ By? = 1 has a solution in K,
—1 otherwise.

Take K = Q, then S = {2,00} and Qo = R. Let a,b be coprime odd positive integers, then ax? + by? = 1

has a solution in R, for example (z,y) = (0, \/%) Therefore we get

(£).2), o

Lemma 7.1. Ifa,b € ZT are coprime odd positive integers, then

(b’a)2:{—1 ifa=b=3 (mod4),

1 else.

Proof. Tt suffices to see whether az? + by? = 1 has a solution in Q, or not. We will divide into cases.

Case 1: Either a =1 (mod 8) or b=1 (mod 8).
Wlog we can assume a = 1 (mod 8). Then letting f(z) = az? — 1, we have |f(1)| = |a — 1| < 273 whereas
I/ (1) = |2a|*> = 272 > |f(1)], so there is a solution 7 to f(z) = 0 by Hensel’s Lemma. Then (r,0) is a
solution to ax? + by? = 1 as required.

Case 2: We have a =5 (mod 8) or b=5 (mod 8).
Wlog we have a =5 (mod 8), and as b is odd we get 4b =4 (mod 8). Let f(z) = ax® + 4b — 1, and proceed
exactly as in case 1, except the solution to ax? + by? = 1 is now (r,2) where f(r) = 0.

Case 3: We have a =b =3 (mod 4).
If we have a solution, then by multiplying through by a suitable power of 2, we can get a solution to
ar?® + by? = 22" for some m > 0 with z,y € Zy. Wlog one of x,y is odd, as otherwise we either have a
contradiction if m = 0, or we can divide through by 4. Now, 22 = 0,1 (mod 4) for z € Zs, so az?+by? = 2,3
(mod 4). But 22™ = 0,1 (mod 4) so this is a contradiction, and thus we cannot have a solution.
O

As a corollary of the above lemma and Equation 7.1, we immediately get the full law of quadratic reci-
procity! Note that we proved it for all odd coprime a,b and not just for primes. It is also clear how one can
go about generalizing the law to number fields other than @Q, something which isn’t necessarily clear in more
elementary proofs. We will always have a solution to axz? 4+ by? = 1 in the infinite places, so we just need
to factorize 2 in Ok, and use Hensel’s lemma on appropriate polynomials in the corresponding complete fields.

7.2 Towards Eisenstein Reciprocity

As the Hilbert symbol is fairly difficult to define, one would expect some difficulty in calculating («, 3),
in general. While n = 2 was fairly straightforward, n = 3 already becomes a bit tricky. We will follow the
programme set forth in exercise 5.6 of [4], which is quite similar to the approach found in exercise 2 of [1].
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For this section, let n = p be an odd prime, let (, be a pt" primitive root of unity, and let K = Qp. Let
m=1—(p,, so that p = () is the unique prime above p, hence this is the only finite place in S.

Proposition 7.2. Let a, 8 € Z[(,] be coprime to each other and to p. Then we have

(9,2), <o

Proof. As noted just below Proposition 6.19, we have (%) = (%)n and (%) = (g)n Next, all infinite places
v of K have C as their completion, hence the corresponding local Artin maps are all trivial (the Galois group
in question has one element!) and thus (a, 8), = 1. Therefore using Proposition 6.19 and that p is the only
finite element of S gives us the result. O

Let o = {a € K,|vp(a) = 0} be the group of units of Ok, , and let Uy = o, . Take , = 1 —=" for r > 1,
and let U, = {a € K;'|a =1 (mod 7")}, a group under multiplication.

Lemma 7.3. The following four results hold:

i) The image of m generates K, /o, .

i) oy = (05 )PUs.

i1t) For each r > 1, the image of 0, generates U, /U4 1.
Z"U) Up+1 C U{J

Proof. i) Recall that p = (7); the result is now obvious.

ii) If @ € o, , then as Np = N(7) = p we have
P = H =1"1'=1 (mod 7).

Letting a'~P = v, we see that v € Uy and o = aPy € (o5 )PU; as required.

1S .
iii) Since % ~ F,, o € K¢ can be written uniquely as a = Z a;m where 0 < a; < p—1,m € Z,

and a,, # 0 (hence v,(a) = m). Therefore we can take {1,1+ 7", 1 + 27", ..., 14 (p— 1)7"} as representa-

tives for the cosets of U,./U,.1 1. Since n¢ = 1—in" (mod 7" +1), we see that the image of 7,. generates U, /U, 1.

iv) We will use an idea similar to Hensel’s lemma here; start with a € Upyq1. Write 7P~1 = yp for some
unit v € O, , and let by = 1. We construct a sequence bg, b1, ... such that

a="b] (mod qI TPy bj+1 =b; (mod 7/1?).

First, note that by satisfies the first equivalence. Given bj, let a = b + 2/ ™P*! (mod 7P*7+2), and write
bjt1 =bj + yniT2, where y must be in Ok, - To satisty the first equivalence we thus need
. . . ybp_1 . .
b:;? + gt = (b; + ymIt2yp = bf +py7r]+2b§_1 = bé? + JTﬂ-P-‘r]-‘rl (mod 77 +P+2),
Taking y = bf—qfl works (noting that b; is a unit as b; = by =1 (mod 7)), so we define b;; using this value
of y. Now, thé second equivalence guarantees us that 8 = _llm b; exists in K, and the first equivalence gives
us = fP. Since b; =1 (mod ), we have 5 € Uy and thej reosoult follows.
O

Corollary 7.4. The set {m,n1,12,...,mp} generate K, /(K )P

28



Proof. For a € K., using Lemma 7.3i and ii, we can write o = 7¢yPu; where e € Z, v € o, , and u; € Uy.
Using part iii repeatedly, we get

a= 7T67pnfl77§2 A n;pup+1’
where €1, ez,...,e, € Z and upqq € Upyi. But part iv shows that uy,q € UY C (K;°)P whence
X
a €Ty g
PP
As « was arbitrary, the corollary follows. O
Thus to calculate (o, ), we only need to consider when «, 3 lie in the set {m,7n1,m2,...,mp}. This is
accomplished in the next lemma.
Proposition 7.5. Ifu,v > 1, then
(s o )p = (nu»77u+v)P(77u+vvnv)p(mnu+v)g(77v77r)ga (7.2)

and in particular, (My,ny)p = 1 if w+v > p. Moreover, (m,7), =1 and

1 ifi<u<y,

Proof. Since p is odd, —1 is a p*" power, so using Lemma 6.13 we get

(Ol,O()p = (Ol, _I)P(av _a)P =1

for all @ € K. For Equation 7.2, let 3 = % = 1:7?,11), and note that
1= w0 — gt — g
1 — qutv Nu+v

Lemma 6.13 gives 1 = (8,1 — /)y, so using the bilinearity of the Hilbert symbol, and 1 = (1, a), = (o, @)y,
we can get rid of the denominators and factorize the 7 out to get

v Th )—1

L= (1 8), = (o, 7" —
U+v

Nu+v Nu+v
= (Mo, W)Z(Um M )p (Mo 77u+v)p_1 [(Mustov, W)g(nu-&-va M) p (Nuto 77u+v);1]_1’

)p(nu-‘rva 7T

from which Equation 7.2 follows.

If 1 <wu < p, then
(T]?uﬂ-)g = (quwu)p = (T]?u 1- Uu)p =1

h

Thus (1, ), is both a p!* and a u!” root of unity. But p,u are coprime, so (1,,7), = 1 as claimed.

If u+v > p, then from Lemma 7.3iv we have 7,4, € (K,°)P, so expressions involving it evaluate to 1.
Thus applying Equation 7.2 along with the proven part of Equation 7.3 gives us (1, ny)p, = 1 when u+v > p
and v # p. If v = p, then

(Nuso)p = (77p777)€ = (Mps™)p = (Mps L —1p)p = 1,

as required.
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We are finally left with calculating (1, 7),. Take (u,v) = (1,p — 1) in Equation 7.2, and we get

(Cps Mp—1)p = (W,np)g_l = (71'77717);1 = (Np, )y (7.4)

as the other factors are 1 (and we are working with p*" roots of unity). Let 3 € O} have v,(3) = 0, and note
that S(¢,) = S = {p}. For finite places q # p, we have

(Cpr B)g = (C’”) zc;f“"”
a/,

where we used corollary 6.17 for the first equality, and the second equality is true modulo p by definition;
the only way this can be satisfied is if it is in fact an equality. We have

&8s = (TTGB)0) " = ([T 6"

q#p q#p

ql_l

(7.5)

where the first equality is Proposition 6.15. Thus we need to calculate > vq(8)(Nq — 1) (mod p?); we can
thus restrict the sum to prime ideals dividing 8. We claim that

Y va(B(Ng—1)=N(B) =1 (mod p°). (7.6)
qlB

Indeed, write 8 = q7* ---q%; as p | Ngq; — 1 write Nq; = pz; + 1 for some z; € Z. Then the left hand side of

the equation is Y e;x;p. Using binomial expansion, N(q5*) = (1 + px;)® = 1 + pz;e; (mod p?), hence the
i=1
right hand side is N(8) — 1= [[ (1 + pzie;) — 1= Y e;z;p (mod p?), so the claim is proven.
i=1 i=1

Now,
p—1
N(pp-1) = Ngg(l—=m"") = J[ (Q-o(l-¢)P ) =]]0-0-¢P™h.
c€Gal(K/Q) i=1

Asp|mP~tand |1 — ;, upon expansion we see that

p—1

[Ta-a=¢)" =1- 5 (1-G)P —1—T’"K/@((1—Cp)p1)=1—T7’K/@(p_1< ) Cp> (mod p?).

=1 =1 =0

. P —1
Now, TTK/Q(CS) =p—1,and for 1 <i <p—1, ¢, has minimal polynomial xx_ T = 2Pl 4P 4

whence T7/g(¢}) = —1. Therefore

ra(§ ) 180 Ym0 o

=0 = i=1

() () ()

Nnp-1)=1-(p-1)—-1=1-p (modp2),

For all N € Zt we have

Therefore

hence by Equation 7.6
> vq(np-1)(Ng—1)=—p (mod p?),

qlmp—1
and combining Equations 7.4, 7.5 with this gives us

(npvﬂ)p = (vanp—l)p = (Cp_l)_l =(p

as required. O
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7.3 Cubic Reciprocity Revisited

Proving Eisenstein’s reciprocity law is now fairly straightforward, however we will just stick to the cubic case
for simplicity. Originally Theorem 4.9, Eisenstein’s law of cubic reciprocity is:

Theorem. Let o, 8 € Z[w] be primary and relatively prime. Then

(5).- (),

Furthermore, if « = a + bw with a = 3m + 1 and b = 3n, then

w 1—a—b o 1—w a—1
<> =w s =w ™" ( ) —w 3 =wm.
/s a /3

Proof. For the main law, since (*71)3 =1 for all v € Z coprime to 7, we can assume o = 8 = 1 (mod 3).

Thus «, 5 € Uy, and so we can write

a = n§niua, B =5 nf .

for e,e/, f, f' € Z and ug,u}y € Uy C U7. Thus when we bilinearly expand (3, a),, we get terms involving
one of ug, u) which evaluate to 1 as they are cubes, and terms of the form (1,,7,), with z,y > 2. But then
z+y >4 > 3 so by Proposition 7.5 they too evaluate to 1, whence (5, a), = 1. Therefore Proposition 7.2
implies the result.

For the first supplementary law, we note that (w)%(®) = Q. Thus Proposition 7.2 gives

w
(£), = @)y = @my.
a/s3
Note that 72 = —3w, so 3 = —(1 — 7)?72, and so we can expand « as

a=1+3m+3nw=1-1-7)1*(m+ (1 -7m)n)=1— (m+n)r*+ (2m+3n)7® (mod 7*).

Since 75 = 1 —im? (mod 7), we see that a = 05" (mod 73). Next,

any ™" = (1 — (m+n)n? + (2m + 3n)7*) (1 + (m +n)7?) = 1+ (2m + 3n)7*  (mod 7).
m4+n, —2m—3n

As i =1—ir3 (mod %), we get that o = 05" "n;3 uy with ugy € Uy (hence it is a cube). Therefore we
get

w _ _
(£) = @mn = (g
3

Proposition 7.5 gives us (n3,71), = 1, and

(m2,m1)p = (M2,m3)p(03,M1)p (7, M3)p (M1, 7)p = (773,7T)§1 =w?

w —m—
() — w2m+2n =w m n’
/3

For the second supplementary law, note that ()% (a) = Ok. Therefore by Propositions 6.19, 7.5 we have

1—
( aw) _ (Z) _ (Oé,ﬂ')p _ (nzﬂ_‘_)'gz—f—n(ngﬂr)p—Qm—Sn _ w—2m—3n — wm7
3 3

Therefore

which is the first supplementary law.

which is the second supplementary law. O
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